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Optimal Tendon Configuration of a Tendon Control System
for a Flexible Structure
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This paper considers the optimal tendon configuration of a tendon control system for a two-dimensional,
eleven-bay truss. With the criterion for optimal tendon configuration being controllability and robustness of the
tendon control system, the optimal tendon configuration problem can be formulated as a constrained optimiza-
tion problem which can be solved using dynamic programming; therefore, a solution to the optimal tendon
configuration problem can be obtained efficiently. The robustness of the resulting tendon control system with

respect to modeling imperfections is studied.

I. Introduction

HE problem of optimal actuator placement for active

vibration suppression of a large flexible space structure
(LFSS) has been studied recently.!”> A common way to deal
with this problem is to formulate it as a constrained optimiza-
tion problem in which the objective function is the criterion for
optimal actuator placement and the constraints reflect the ad-
missibility of actuators and the special configuration of the
structure. There are no efficient algorithms for solving the
constrained optimization for a general optimal actuator place-
ment problem.

This paper considers the optimal tendon configuration of a
tendon control system for a two-dimensional, eleven-bay
truss. The concept of tendon control system has been previ-
ously explored.*® The objective of our control system is to
enhance the damping of the critical modes of the truss using
output feedback control. One of the important issues of using
noncollocated controllers to enhance the damping of a LFSS is
the robustness of the controllers with respect to modeling im-
perfections. We choose the controllability and robustness of
the tendon control system as the criterion for optimal tendon
configuration. We will show that with this criterion of opti-
mality, the optimal tendon configuration problem can be for-
mulated as a constrained optimization problem which can be
solved using dynamic programming; therefore a solution to
the optimal tendon configuration problem can be obtained
efficiently.

This paper is organized as follows. In Sec. II, a system de-
scription of the two-dimensional, eleven-bay truss is given. In
Sec. 111, the optimal tendon configuration problem is formu-
lated as a constrained optimization problem. In Sec.IV, a
method is presented for solving the constrained optimization
problem using dynamic programming. In Sec. V, optimal ten-
don configurations are determined using the method, and the
robustness of the resulting tendon control systems with respect
to modeling imperfections is studied.
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II. System Description

In this section, we describe the two-dimensional, eleven-bay
truss and its tendon control system.

A. Two-Dimensional, Eleven-Bay Truss

The two-dimensional, eleven-bay truss under consideration
is a Vierendeel truss consisting of eleven 83.8 X45.7 cm bays
suspended from two fixed upper nodes (see Fig. 1). This model
is a two-dimensional simplification of an actual three-dimen-
sional truss under two-dimensional and three-dimensional test-
ing at Cornell University.® In the model of the idealized struc-
ture (as opposed to the imperfect structures obtained by
randomly perturbing the structure elements to study the ro-
bustness of feedback control schemes), the members are alu-
minum tube stock with a modulus of elasticity of 68.9 GPa.
The members are prismatic and have an outside diameter of
1.37 cm and a wall thickness of 0.22 cm. The structural mem-
bers are modeled with linear beam-column finite elements,
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Fig. 1 Eleven-bay truss.
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connected at moment-resisting joints. The model mass matrix
includes contributions from the members, the connections,
and the nodal masses added to the structure to lengthen the
structure periods. The masses have been lumped at the nodes.
The translational mass at each node is 1.81 kg. The rotational
mass is 33.4 kg-cm?/rad at the interior nodes and 19.6 kg-cm?2/
rad at the two bottom nodes. The two-dimensional, eleven-bay
truss is modeled via a finite element method as a lumped-
parameter, linear time-invariant system:

M3i +Dx+Kx=0 )

where x € ®” is the vector of nodal displacements, n =22x% 3
=66 with 22 being the number of nodes and 3 being the num-
ber of displacements of each node. The three displacements
of each node include two translational displacements and one
rotational displacement. Let the nodal displacements associ-
ated with node & be X3¢k 1y+1, X3k-1)+2- X31 (see Fig. 2). Ma-
trices M, D, K € ®"*" are symmetric. Since M is positive and
K is nonnegative, there exists a matrix 7 such that TTMT =1,
TTKT =Q?=diag(w} -+ «?%). We assume that 0< w; <w; < -+
<wy. By transformation z =7"lx, the displacement coor-
dinate system (1) is transformed into the modal coordinate
system:

I +Dz+ Q%2 =0 @

where D=T7DT. We assume that D =2EQ, where
Z=diag(f, --- &,) with 0<§¢;<1, i=1,...,n (small natural
damping).

B. Tendon Control System

The tendon control system consists of three subsystems: an
actuator system, a sensor system, and a controller.

1. Actuator System

The actuator system includes an electromagnetic actuator
(linear motor) mounted on the top end of the truss and a pair
of tendons (tension cables) which are mirror images of each
other. The tendons are free to slide over the rollers at the end
of stiff standoffs at the nodes, allowing both translational and
rotational forces to be applied to the nodes. At any moment,
at most one tendon is activated (in tension) by the actuator

Linear Motor
21 22
" Tension Cable
( Tendon )
Standoff
Controller
B —— Accelerometer
o
56
Signal Condition
Integration 3 4 x
Amplification

Fig.2 Tendon control system (numbers are the nodal numbers).

while the other is slack. Because of this fact and the symmetric
configuration of the two-dimensional, eleven-bay truss, the
pair of tendons can be approximated in effect by an idealized
tendon (see Fig. 3) which has the following properties:

1) The idealized tendon is placed as one of the two tendons
in Fig. 2.

2) The idealized tendon is stiff and can exert both tensile
and compressive forces.

The use of a single tension/compression tendon in place of
two tension-only tendons is not exact. However, if a robust
active control system is obtained, any small errors in the ana-
lytical model will not seriously degrade the performance of the
controlled structure. In the sequel, we will only consider the
system with the idealized tension/compression tendon as
shown in Fig. 3. Once we have the optimal configuration of
this idealized tension/compression tendon, the actual tendon
configuration is obtained by adding to the one-tendon system
a tendon that is the mirror image of the idealized tendon.

Let u be the force exerted through the idealized tendon, then
u can be both positive and negative and its effect on the struc-
ture is described by the following system

M + Dx + Kx = Bu 3)

where B € ®” is called the control influence vector, whose
elements depend on the tendon configuration.

We will neglect the effect of the tendon frequencies on the
structure, because the lowest tendon frequencies for the ten-
don configurations under consideration are much higher than
those of the critical modes to be controlled (see Sec. V for
more details). We also note that the standoffs are much stiffer
than the other members and do not significantly contribute to
the structural response. Therefore, we have not explicitly mod-
eled them as structural elements.

2. Sensor System

The sensor system contains a number of accelerometers,
say, p accelerometers, for measuring selected nodal accelera-
tions or their linear combinations. The measurement of every
accelerometer is conditioned through a low-pass filter, inte-
grated, and amplified to provide a nodal velocity or a linear
combination of nodal velocities. Let y; be the output of the
amplifier corresponding to the ith accelerometer, then

N+i

N=11

Tension/Compression
Tendon

Left NodesZ :/\ Right Nodes

u . Horizontal
3 20t~ Members

Fig. 3 Idealized tendon system (the tendon can pull and push).
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yi=cix, i=1,...,p where ¢; € ®" is a vector whose elements
depend on the location of the ith accelerometer. The output
vector

y=Wn - »lT=lkl - ¢ 1"x=Cxk @
is fed into the controller. Matrix C € ®?*" is called the mea-
surement matrix.

3. Controller

The controller includes an analog/digital (A/D) converter, a
computer, and a digital/analog (D/A) converter. It provides
control signals for driving the actuator. The relation between
the actuator force u and the output y is

u=-—Fy )

where F € ®!*? is called an output feedback gain.

III. Problem Formulation

In this section, we formulate the problem of optimal tendon
configuration. We first characterize the tendon configuration
and then give the criterion for optimal tendon configuration.

A. Characterization of the Tendon Configuration

The configuration of a tendon is uniquely decided by the
nodes connected with the tendon, the length of standoffs, and
the crossing point ¢ of the tendon to the top line 0o’ (see
Fig. 3). For notational clarity, we will use in the following N
to denote the number of bays of the truss (N =11) and r to
denote the number of displacements associated with each node
(r=3).

Define the horizontal members of the truss from bottom to
top as member i =1, ..., N, respectively. Define the two nodes
at the ends of the ith horizontal member as the ith left node
and the /th right node, respectively. The ith left node or right
node to be connected by a standoff is defined as the ith con-
nected node.

Lete;,i=1,...,N and ey, be defined as

1,
eé; =
-1,
15
ENy1 = 1,

Define /;, i =1, ..., N as variables with the following prop-
erties:

1) The variable |/;| =the length of the standoff connected to
the ith connected node.

2) The variable /;, i =1,..., N is negative (positive) if it is
on the left (right) side of the connected mode.

Define /. as a variable with the following properties:

1) The variable |/y.;| =min{ac, bc} (see Fig. 3).

2) The variable /v, is negative (positive) if it is on the left
(right) side of point a or b, whichever is closer to point c.

We assume that /;, i=1,..., N +1 are subject to the follow-
ing constraint

if the tendon connects the ith left node

if the tendon connects the i/th right node
i=1,...,N

if the crossing point ¢ is closer to point a

if the crossing point c is closer to point b

~Ilp=li=l,, i=1,...,N+1 6)
for some constant /,, >0.

Let B=[b; b, --- b,]7. A close examination of the effect
of the tendon on the structure reveals that b;, i=1,...,n are
related to e;, {;, i=1,...,N +1 in the following fashion

bjzhl,j(el’625ll’12)’ j=l,...,2r (7)

bzr(i—1)+j =gi,j(ei—l,eia1i—lsli) + hi,j(eiaei+l,li’li+l)
i=2,...,N, J=1,...,2r 8)

where g; ;, h; ; are some nonlinear functions. In other words,
how the tendon directly affects the displacements and veloci-
ties of nodes 2/ — 1 and 2i depends only on e;_1, e;, €; .1, l;_1,
liy Iiyy (or e, €41, 1, 1oy when i =1).

B. Criterion for Optimal Tendon Configuration
Let A(A, B, C) denote the set of the eigenvalues of system

AX¥+Bx+Cx =0

i.e., A(A,B,C)={N:|AN+BXA+C|=0}. The eigenvalues of
the open-loop system (1) [or equivalently, (2)] are

AWM, D,K) =A(I,D,9%) = {— 0 joNT-£2, i=1,...,n}
©

It is assumed that the first k low-frequency modes of the
open-loop system (1) are the critical modes. The eigenvalues
associated with the critical modes are —§;w; +joN1—§7,
i=1,...,k. The objective of the tendon control system is to
enhance the damping of the critical modes while keeping the
system stable using the output feedback control law (5).

With the transformation z = 7~ !x used in obtaining Eq. (2)
from Eq. (1), system (3) can be written in the modal coordinate
form:

Iz + 25Qz + Q%7 = Bu (10)

where B = T7TB is defined as a modal control influence vector.

Let B=[b, --- b,]T. The magnitude of b,,i=1,...,nisa
measure of controllability of the /th mode, i.e., the effective-
ness of the control on the ith mode is proportional to the
magnitude of b; (b; =0 implies that mode i is not control-
lable).” Therefore, to make the controller effective on critical
modes, it is desirable to have large magnitude of b,
i=1,...,k.

On the other hand, when the control scheme (5) is used, the
magnitudes of b;, i =1,...,n are measures of the robustness
of the stability of the closed-loop modes against structural
perturbations. To see this, we substitute v = —Fy = —FCx
= —FCZ%, C =CT into Eq. (10) to obtain the following closed-
loop system:

I% + 2EQ+ BFC)z+ Q%2 =0 48))

Assume that b; #0, 1 <i=<n, which implies that all modes
are controllable. Let F =FC =[f; ... f,], then we have the
following result.

Theorem 1. System (11)is asymptotically stable if b,f; >0,
i=1,...,n.

Proof: See Appendix.

We note that there is a result similar to the result of Theorem
1 for a simpler controller under the assumption of zero natural
damping ®

To guarantee the stability of system (11), we will require that
the control feedback gain F in Eq. (5) satisfy the condition
bifi>0, i=1,...,n for the ideal (nominal) structure. The
condition b;f; >0, i =1,...,n, is satisfied if and only if f; has
the same sign as b;. As a result, the stability of system (11) is
robust against the structural perturbations that do not change
thesignof b;and f;,i=1,...,n(notethat B=T"'B, F =FCT
and structural perturbations can change B, C, and 7). This
suggests that the structure will be likely to remain stable in the
presence of structural perturbations if we make b,,f;,
i=1,...,n significantly different from zero. Therefore, from
the standpoint of robustness, it is desirable to maximize the
magnitudes of b;, i =1, ...,n. Once we have chosen B, we can
choose a feedback gain F that achieves the desired damping



164 LU, THORP, AUBERT, AND LARSON: TENDON CONTROL SYSTEM

improvement under the constraint that f; has the same sign as
b; and has a reasonably large magnitude. Because of space
limitation, we will not discuss the design of such a feedback
gain (it is straightforward using standard output feedback con-
trol design methods). Since we are mainly interested in increas-
ing the damping of the critical modes, we only maximize the
magnitudes of b;, i=1,...,k (k is the number of critical
modes).

In summary, it is desirable to maximize the magnitudes

of b;, i=1,...,k from the standpoint of both controllability
and robustness. Since b;, i =1,...,k are functions of e;, I;,
i=1,...,N+1, the problem of maximizing the magnitudes of
b;, i=1,...,k can be formulated as

max o b e i=1
e lii=1,. N+1,§: ’l ien i,

SN+ (12)
where o; 20,7 =1,...,k are weighting factors. An appropriate
choice of weighting factors must be made to obtain acceptable
levels of b;, i=1,...,k.

Remark 1

Although the optimization problem (12) involves only those
b; associated with critical modes, we can include b; associated
with a noncritical mode into the set of the b; whose magnitudes
are to be maximized, if the magnitude of the b, is too small and
the robustness of the noncritical mode is of concern.

Remark 2

Maximizing the magnitudes of b;, i =1,...,k enhances the
stability robustness of the structure under the control scheme
used here. However, large magnitudes of b;, i=1,...,k do
not guarantee the stability under any perturbations. A limit on
the allowable perturbations must be set to guarantee the ro-
bustness of the stability. This point will be illustrated by the
examples in Sec. V.

Remark 3

In the case of a multi-input system, it is still desirable to have
large magnitudes of the components of control influence vec-
tor B. This is because the effectiveness of an actuator on a
mode is proportional to the magnitude of the corresponding
component of B; and because even for a multi-input system,
a sign change in the components of B resulting from per-
turbations might cause a qualitative change in the controlled
system behavior. The large amplitude of a component of B
makes it possible to retain the sign of the component under
perturbations.

IV. Determining the Optimal Tendon Configuration

In this section, we discuss the solution to the optimization
problem (12). We first present a method to solve this problem
using a dynamic programming and then discuss the numerical
aspect of the method.

A. Dynamic Programming

Define ® as the set of k binary numbers, i.e.,
®&={(B1,...,8¢): Bi € { — 1, 1}}, then the optimization prob-
lem (12) is equivalent to the following optimization:

max max
Br,.- B eB® el
i=1 N

k
<E Biabie;, i, I=1,...,N+ 1)> (13)
i=1
Since k, the number of critical modes, is not very large, the
optimization (13) can be solved by the following algorithm:

Algorithm 1:

Step 1: For any sequence (8;,...,8;) € &, solve

k
J(Biy...,8)= max (EBiaibi(ei’li’i=1,---,N+1)>
=

e i

i=1,...,N+1 (14)

Step 2: Find the maximum J(3;,.
associated e;, /;, i=1,...,N+1.

It is noted that by symmetry of the tendon control system,
we have

..,B%) over & and the

J(Bls"-yﬁk)z'](—ﬁl’-“:_61() (15)

and the tendon configurations corresponding to the solutions
to the above two optimizations are mirror images of each
other. This property leads to the reduction of the number of
optimizations in step 1 by half (from 2% to 2¥-1),

The expensive part of the algorithm is solving the optimiza-
tion problem (14). If /;, i =1, ...,N + 1 take continuous values,
then problem (14) is a mixed nonlinear programming (i.e.,
nonlinear programming involving integer and continuous vari-
ables). In general, a mixed nonlinear programming is compli-
cated and time-consuming.’ If /;, i =1,...,N + 1 take discrete
values, then problem (14) is a nonlinear integer programming.
A nonlinear integer programming is generally an NP-complete
problem, which is also time-consuming. Fortunately, the opti-
mization problem (14) can be transformed into one that can be
solved efficiently via dynamical programming.

Lets;={sy ... s;,]betheithrow of T7. From Egs. (7) and
(8), the ith element of B =T7R is

2r
E Si 2r(p—1)+qb2r(p—l)+q

o
il

.M=

i M z

(16)

N
= Elfi,p(epaep+lylp»lp+l)’ i=1,...,n
p=

where

2r
fi,p(ep, €p+1, Ips lp+l) = El(si,Zr(p—1)+th,q (ep, €p+1s lp’ 1p+l)
q=

+Si,er+qu+1,q(epyep+l’lp’lp+1))’ D= 1)"-5N -1
2r
fi,N(eN’eN+ls In,Ini1) = Elsi,Zr(N~ 1)+th,q(eN’N+lslNle+l)
q=

Substituting expression (16) into Eq. (14), we have

J(ﬁi’-naﬁk)— I max <ﬂ2 fp(ep’ep+lylprlp+l)>

e, li=1,...
_ an
Wherefp(epa ep+l! lp; 1p+1 = E?: Iﬁiahfi,p(epaep+ 1 lpa lp+ 1)-
We have rearranged the terms of the objective function in
Eq. (14) to obtain Eq. (17). The objective function in Eq. (17)
contains N functions, each of which involves only a small
subset of the variables. Therefore, optimization (17) can be
written as

J(Bi,...,Bx) = max <max {.7N(3NyeN+lalN’IN+l)

en+1:IN+1 \eMIN

+ max
en-1,IN-1

{fN—l(eN~l’eN’lN—lalN)+

+max {fz(ez,ea, b, 13)+maxf1(31,92, 4 »12)}

max }}) (18)

Such an optimization problem can be solved by the following
dynamic programming in a sequential fashion.%1

Dynamic Programming
Step 1:  Solve

Jrey, 1) = maXfl(el,ez,llJz) (19)

eyl

for every pair (e5,1,) € {e; € {1, =1}, —I,<l,=<l,}. Denote
the solutions as ef(es, 1), [f(es, I3).
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Step2: For p=3,...,N+1, solve

Jp(ep»[p) = m%X (][z~1(ep~1,ep71p—l:lp)
€p—1-ip—1

+Jp1(€p-1,1p-1)) (20)

for every pair (e,,/,) € {e, € {1, -1}, -1, <l,<l,}. De-
note the solutions as ef_(e,, 1), I¥-1(ep, 1), p=3,... . N+1.
Step 3: Determine e¥. ;, /%, such that

J=Jni1@kse1, %)= max  Jyiilensi,Inet)  (21)
eN+1IN+1

Step4: For p=N, N-1,...,1, let ey=e}(ey.1,0¥.1),
=03y 1,15:1). Here, ef(epi1,1p11), 3(€pi1,1p41), P =N,
N-1,...,1, are solutions to Eqgs. (19) and (20) in steps 1
and 2.

The sequence {e},/}, p=1,...,N +1} obtained in step 4 is
the solution to optimization (17).>10

In practice, ef., |, /%, are often prespecified based on other
design requirements. In this case, step 3 of the dynamic pro-
gramming is omitted.

The previous dynamic programming decomposes an opti-
mization problem involving many variables into a series of
optimization problems, each of them involves fewer variables.
To see the effectiveness of the dynamic programming, we con-
sider the numerical aspect of implementing the dynamic pro-
gramming.

B. Implementation of the Dynamic Programming
For simplicity, we assume that /; takes discrete values:

lie £={-KAl, —(K-1aAl,... Al,0,Al...,
(K = DAL KA} Cl=lm, In] 22

where A/ >0 is a small increment and integer K =/,,/Al. If Al
is sufficiently small, the optimal solution in the discrete case
is close to that in the continuous case.

With /; taking discrete values, the dynamic programming
is implemented by creating two matrices P, J € R2CK+DxN g
follows

JL,(1,-KAl)
L1, - (K -1)Al)

JL(LkAl)
JL(=1,—-KAD

J(-1,KAl)

(ef(l,“KAl), ll*(lr‘KAI))
ef(1, - (K - DAD, I¥(1, - (K -~ 1)Al)

(ef¥(1,KAD, IF(1,KAlY)
(ef(~1,—KAl), I}(—1,- KAl))

(ef(— L,KAD, IF(-1,KAD)

Matrix J records J,(e,, [,), e, € {1,-1},1,€ £, p=2,...,
N +1, and matrix P records e}_(e,, /), IF_1(ep, 1), p =2,
...,N+1. Both J,(e,, Ip) and ef_1(ep, [p), IF_1(ey, 1), p =2,
...,IN+1, are obtained in steps 1 and 2 of the dynamic pro-
gramming.

J;(1,-KAl)
J3(1, = (K = DAD)

J,(1,KAl)
J(=1,-KAD

L(=1,-K-1DAl) J(-1,—(K-DA])

Ji(—-1,KAl)

(e3(L,-KAD, I3(1, - KAl)
(e (1, ~ (K —DAD, IF(1,— (K - DAD)

(e3(1,KAD, 13(1,KAD)
(€3(~1,-KAD, I3(—1,-KAl)

(er(=1,-(K-DAD, -1, -(K-1AD) (ef(~1,—(K~DAN,IF(—1,—- (K -1)Al)

(e3(—1,KAD, I}(~1,KAD)
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Once the two matrices are obtained, the optimal choice
ofe;, l;,i=1,...,N+1is readily obtained from the two ma-
trices. For example, suppose that we find

Ini1t(LKAD = max  Jy,i(en+1, Ine1)

EN+1,N+1

from matrix J. We then look for (e} (1,KAl), /% (1,KAl)
from matrix P and let e =e¥ (1,KAl) and I} =1%(1,KAl).
Suppose

e (1,KAD = —1, IN(,KAD) = —KAl
We then look for ef_ (-1, —KAl), I¥_,(—1, — KAl) from
matrix P, which are e _; and /¥ _,, respectively. We proceed
this way until we find ef and /§ from matrix P.

To obtain J,(e,, /,) and e}_(ep, 1), I} 1(ey, 1,) for fixed e,
and /,, we need to calculate and compare 2(2K + 1) numbers

fp-l(ep—ls ep’lp—l’lp)+Jp—1(ep—l1lp—l)
ep—l € {1’”1}’117-1 € £

Let M be the upper bound to the computational amount
needed for calculating a single number fp_l(e,,_l,e,,, L1,
l)+Jp-1(ep—1, I,-1) plus making a comparison between two
numbers, then the computational amount needed for calcu-
lating the 2(2K + 1) numbers is less than 2(2K + 1)M. There-
fore the computational amount needed for creating matri-
ces J and P is less than 22K + 1)M x2(2K + 1)N =4(2K
+1)2NM, where 22K + 1)N is the number of entries in matrix
J. As a result, the computational amount needed for solving
optimization (17) using the dynamic programming is less than
42K + 1)2NM. :

The computational amount for solving the original problem
(13) using the dynamic programming is at most 2%~ 142K
+1)2NM, where 25~ is the number of optimizations in step 1
of algorithm 1. If, instead of using the dynamic programming,
we directly calculate and compare the objective function in
Eq. (12) for all the possible choices of e;, /;, i=1,...,N+1to
obtain the optimal one (exhaustive method), then the needed
computational amount is roughly (2(2K + 1))V*'NM, where

JN+1(1’_KA1)
(1, — (K —DAl)

Ty (1,KAD
Juar(=1,—KAl)

Ivn(—1L,—(K —-DAD)

Jna1(—1,KAD

(elt’(la_KAl)a l:l(l’_KAl))
(en(1,— (K = DAD, I3(1, - (K - DAD)

(en (LKA, I%(1,KAD)
(er(-=1,-KAD, IH(—1,~KAl)

(ex(—1,—(K—DAI), i (=1,~ (K = DAD)

(eX(—1,KAl, IN{(~1,KAD)

(22K + 1))V*1is the number of all the possible combination of
{ep, I, p=1,...,N+1}, and NM is roughly the computa-
tional amount needed for calculating the objective function in
Eq. (12) for fixed {e,,l,,p=1,...,N+1}. For example,



166 LU, THORP, AUBERT, AND LARSON:

Table 1 Open-loop and closed-loop eigenvalues
associated with critical modes

Open-loop Configuration 1 Configuration 2
0.0£3.1¢ ~0.8+3.2§ ~0.8+3.2i
0.0+9.4i —2.2+9.9/ ~-2.0+9.9i
0.0+16.0; —2.4+16.4i ~3.1x+16.0/
0.0+£22.8i —3.6£21.9{ —~2.7+21.6i
0.0+29.8i ~1.9+29.2{ ~1.4+29.2
0.0+37.0{ ~2.6+36.0/ ~1.8+:36.4i
0.0+44.0{ ~2.5+42.3§ ~2.6+:41.9
0.0+:50.7¢ —1.7+48.8i —0.8+49.7i
0.0+56.6/ —0.7+55.8{ —0.1+£56.4i
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Fig. 4 Two optimal tendon configurations (the numbers are the
lengths of standoffs in cm).
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Fig. 5 Uncontrolled vs controlled response of the idealized two-
dimensional structure.

TENDON CONTROL SYSTEM

let N =11, K =10 and % =3, then the computational amount
for the dynamic programming is 2~ '4(2K + 1)2NM = 7056 M
and the computational amount for the exhaustive method is
QK + 1))V INM =422 x 11M. Therefore, when N is large,
the dynamic programming saves a tremendous amount of
computation as compared with the exhaustive method.

V. Optimal Tendon Placements of
the Eleven-Bay Truss

In this section, two tendon configurations are determined
for the eleven-bay truss using the method presented in the
previous section. The robustness of the feedback control
schemes for both configurations are studied through numeri-
cal simulations.

In all numerical simulations described here, we neglect any
inherent passive damping of the structure. The critical modes
of the idealized (or nominal) structure described in Sec. II are
the first eleven low-frequency modes as shown in Table 1. The
selected observations are the average horizontal velocities, one
at each level, and the rotational velocities of the four lowest
nodes. Therefore, y = Cx € ®'*. Once the tendon configura-
tion (or vector B) is determined, feedback gains are calculated
so that the critical modes of the closed-loop system have de-
sired damping while the closed-loop system is stable.

The tendon configuration is characterized by e;, /;, i=1,
...,12. The lengths of standoffs /;, i=1,...,11 are confined
between [—22.9, 22.9] cm and take discrete values

{—22.9, —15.2, -7.6, 0.0, 7.6, 15.2, 22.9} cm

and ey, I, are prespecified as e;;=1, /;,=0.
The following two configurations are considered:
Configuration 1: The tendon configuration is determined
so that the lowest-frequency mode is strongly controllable and
robustly stable against structural perturbations. This design
requirement is formulated as the following optimization:

max |b| = max b, (23)
el el
i=1,...,12 i=1,...,12

Configuration 2: The tendon configuration is determined
so that the two lowest-frequency critical modes are strongly
controllable and robustly stable against structural perturba-
tions. This design requirement is formulated as the following
optimization:

2

max E C(,']Bil (24)
epl;,  i=1

i=1,...,12

where a; =1, i=1, 2.

The optimal tendon configurations satisfying the preceding
requirements are determined for the idealized structure using
the dynamic programming. The resulting optimal tendon con-
figurations are shown in Fig. 4, and the entries of the corre-
sponding modal control influence vectors associated with the
critical modes are listed in Table 2. We note that we do not
consider optimization of the b; associated with all critical
modes, because the second tendon configuration gives satis-
factory magnitudes of all b;.

Feedback gains are determined for the two tendon configu-
rations so that the critical modes of the corresponding closed-
loop systems have desired damping. As mentioned early, to
make the control system robustly stable, feedback gains are
chosen under the constraint that #; has the same sign as b; and
has a reasonably large magnitude. The eigenvalues associated
with the critical modes of the two closed-loop systems are
listed in Table 1. Figure 5 shows the dynamic responses of
lateral tip displacement of both closed-loop systems to an exci-
tation. The excitation is a lateral impact load applied at a lower
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Table 2 Entries of modal control influence vectors B associated with the critical modes

Bl bz 53 54 1_75 56 57 ES I_)Q 510 bll
Configuration 1 929 - 121 1664 —4973 —3201 - 8207 —24410 — 18399 5248 13428 — 15222
Configuration 2 815 841 4161 — 9266 2741 —1521 —31810 - 11653 10573 17217 —13254

Table 3 Results of transient dynamic analyses with the
active controls applied to the perturbed structures

% of trials stable

Nodal
Series imperfection (cm) Configuration 1 Configuration 2
1 +0.0 85 100
2 +1.3 55 100
3 +2.5 15 95
4 +5.1 5 55
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Fig. 6 Control forces for the idealized structure, configuration 1 vs
configuration 2.
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Fig. 7 Typical destabilization of a low-frequency mode for a per-
turbed structure, control 1.

tip node, with a 22.2 N magnitude, for # = 1.1 s. The responses
are compared to the response of the uncontrolled structure to
the same excitation. Both feedback controls provide accept-
able active damping of the excitation. The control forces for
the two different configurations are shown in Fig. 6. Although
the controllability of the first configuration is optimized with
respect to the first mode, the overall control force of the sec-
ond controller is significantly lower, indicating that the con-
trollability of the second configuration over the other con-
trolled modes is better (therefore, it is more effective in
providing damping to the other controlled modes). Specifi-
cally, the small magnitude of the second entry in the modal
control influence vector of the first configuration results in
relatively large control force associated with the second mode.
The second mode periodicity is clearly seen in Fig. 6 in the
trace of the control force of the first configuration.

We note that for configuration 1, because of the small mag-
nitude of the second entry of the modal control influence
vector, it is expected that small structural perturbation tends to
destabilize the second-lowest frequency mode by changing the
sign of the second entry of the modal control influence vector.
For configuration 2, the entries of the modal control influence
vector associated with the critical modes are balanced in their
magnitudes, therefore it is expected that the critical modes of
the closed-loop system are robustly stable against small struc-
tural perturbations.

We mentioned in Sec. II that the effect of the tendon fre-
quencies on the structure are neglected, because the lowest
tendon frequencies for the tendon configurations under con-
sideration are much higher than those of the critical modes to
be controlled. Indeed, the lowest tendon frequencies for con-
figurations 1 and 2 are 35.1 and 46.8 Hz, respectively (the
highest critical frequency is 10.2 Hz).

To study the robustness of the feedback control schemes,
four series of twenty transient analyses with random structural
perturbations have been run for each tendon configuration.
Three types of structural perturbations have been introduced
in the model. The perturbed quantities are selected to simulate
the model uncertainty caused by using nominal structure prop-
erties for control design without first taking into account fab-
rication tolerances and variations in mass and stiffness prop-
erties of the actual structure. To simulate the variation
between the nominal and real stiffness of the structure mem-
bers, the cross-sectional areas and moment of inertia values of
the members are randomly varied in the range of +10% in all
four series of the analysis; The mass variations between the
model and the actual frame are expected to be less than the
variations in stiffnesses, so a range of 5% is used in all four
series of the analysis. To simulate the differences between the
model and the real structure due to fabrication tolerances, four
ranges of random nodal perturbations have been selected. The
nodal coordinates are randomly varied within the ranges of
+0.0, 1.3, +£2.5, and +5.1 cm, respectively, for the four
series of analyses. The random variation of the structural
properties for each analysis is taken from a uniformly dis-
tributed sample within the range for the appropriate series.
The ranges of imperfections are selected to encompass imper-
fections that might realistically be expected in fabrication of a
physical model or prototype.

The results of the transient dynamic analyses of the imper-
fect structures with the two tendon configurations are shown
in Table 3. The percentages represent the simulations which
did not destabilize the system. The majority of the unstable
responses associated with the first tendon configuration occur
when the second-lowest frequency mode is destabilized by the
controller because of the sign change of the second entry of the
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Fig. 8 Typical destabilization of a high-frequency mode for a per-
turbed structure, control 2.

modal control influence vector. A plot of a lateral tip place-
ment of this type of instability is shown in Fig. 7. The second
tendon configuration does not destabilize any low-frequency
modes. Some unstable responses of the first controller and all
of the unstable responses of the second controller occur when
a high-frequency mode, which is not initially supposed to be
actively damped, becomes excited by the control forces. A plot
of lateral tip placement of this type of instability is shown in
Fig. 8. From Table 3, it is obvious that the first tendon config-
uration is too sensitive to structural perturbations, while the
second tendon configuration is fairly robust against structural
perturbations.

V1. Conclusion

This paper has discussed the optimal tendon configuration
of a tendon control system for a two-dimensional, eleven-bay
truss. We have shown that with the criterion for optimal ten-
don configuration being the controllability and robustness
of the tendon control system, the optimal tendon configura-
tion problem can be formulated as a constrained optimiza-
tion problem which can be solved using dynamic program-
ming; therefore, a solution to the optimal tendon config-
uration problem can be obtained efficiently. Comparison of
the feedback controllers associated with two different opti-
mal tendon configurations demonstrated the effectiveness of
this technique.

Appendix: Proof of Theorem 1
Consider the function

L(z,2)=2z"Qz + TRz (AD)

We will show that there exist positive definite matrices Q and
R such that L(z, 2) is a Lyapunov function for the closed-
loop system (11).

Let R =diag([ry,...,s]) where r;=f;/b; and Q=RQ~
Since b,f; >0, 1 <i<n, R and Q are positive definite matrices.
Therefore, L(z, 2)=27Qz +%TR%z=0 if and only if z =2=0.

Differentiating both sides of Eq. (Al), we have

d

. L s <

FPRR

=770z +27Qz + 2"Rz + 2"RZ

=370z +27Qz + (- QEQ+ BF)z—-0%z) Rz

+27R(-(EQ+ BF )z Q%)
=2T(Q -RQ%)z +z7(Q - Q*R)z
- 27((2EQ+BF)'R + R(2EQ+ BF))z

= —2;TQREQ+FTF);<0 (RBF=FTF, Q=RQ?)

Therefore, L(z, 2) is a Lyapunov function.

Next, we will show that the set of (z,z)’s that satisfy
(d/dt)L(z, z) =0 only contains (0, 0). Therefore, by LaSalle’s
theorem,!! the closed-loop system (11) is asymptotically stable.

It is easy to see that

d - =
@ L(z,2)= —23TQREQ+FTF)z=0 (A2)

= (REQ and FTF are non-negative symmetric matrices)
zTREQ2=0 and z7FTFz=0 (A3)

= (R >0, £=0 and >0 are diagonal matrices.)
EQz=0 and Fz=0 (A4)

Substituting Eq. (A4) into the closed-loop system (11), we have
Z+0:=0 (AS)

The solution to Eq. (AS) is

asin(w,; ¢ +61)

arsin(wyt +67)
zZ= . (A6)

apsin(w,t +96,)
Substituting Eq. (A6) into Fz=0 [see Eq. (A4)], we have
E ]‘,‘d,‘(.d,‘ COS((U,‘t +6,) =0 (A7)
i=1

Because cos(w;t +6;), i=1,...,n are linearly independent
functions (note that 0< w; <w,< --- <w,), Eq. (A7) implies

fiaiwi=0, i=1,...,n (A8)

Since f; #0 and w; >0, i=1,...,n, Eq. (A8) implies a; =0,
i=1,...,nor z=0. Therefore, (d/d¢)L(z, 2)=0 implies 2 =2
=0.
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